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Abstract We present a spacetime diffeomorphism invariant formulation of the
geodesic approximation to soliton dynamics.
The geodesic approximation to the dynamics of solitons has been de-
veloped in various contexts, and for some cases, a general formula for the
metric on the moduli space was given [1, 2]. Such an expression is lacking
for the case of gravitation, though the moduli space metric is known, e.g.,
for extremal Reissner-Nordstro¨m black holes [3, 4]. We are interested
in understanding the moduli space geometry of more complicated black
hole solutions [5]. This note is based on [6], where important elements of
a gauge and diffeomorphism invariant formulation of the moduli space
approximation are presented.
Consider Yang-Mills theory in n spacetime dimensions, minimally cou-
pled to a scalar field and to a gravitational background,
S =
∫
dnx
√
|g| Tr
[
−
1
4
Fµν F
µν −
1
2
DµφD
µφ− V (φ)
]
. (1)
The starting point of the geodesic approximation is a space of static or
stationary solutions of this theory parameterized by N continuous in-
tegration constants Xa, so-called collective coordinates. In general, the
stationary solutions are subject to a class of residual gauge transforma-
tions and diffeomorphisms that preserve stationarity,
Lkξ = 0 , LkΛ = 0 , (2)
where k is the timelike Killing vector, and ξ and Λ parameterize dif-
feomorphisms and gauge transformations, respectively. This degeneracy
1
2has to be modded out when extracting the correct moduli space descrip-
tion. The parameters ξ and Λ also depend on the collective coordinates
Xa, as inequivalent solutions may be subject to different transforma-
tions. The residual spacetime diffeomorphisms are supplemented by
reparametrizations of the moduli space, which do not carry any space-
time dependence. One is therefore dealing with an extended geometry
and new connection components must be introduced in order to define
parallel transport on the bundles over the extended base space.∗ The
gauge connection is extended by Aa dX
a, while the extensions due to
diffeomorphism invariance are encoded in the enlarged vielbein,
EΩ
Σ =
(
eµ
ν 0
ea
ν ea
b
)
, (3)
where eµ
ν is the spacetime vielbein, and ea
b is a spacetime indepen-
dent reference frame for moduli space. The new connection fields pa-
rameterize the degeneracy with which moduli space translations, Xa →
Xa + δXa, are represented on the fields. The covariant variation,
δcov(ζ) = Lζ + δgauge(ζ · A) , (4)
contains a diffeomorphism with parameter ζΩ = −δXaea
Ω, accompa-
nied by a sum over all gauge transformations with ζΩ contracted with
the corresponding gauge field as parameter. The (stationary) covariant
variations of the scalar and the gauge are given by
δcovφ = δX
aD(A)aφ , δcovAΩ = δX
aF (A)aΩ . (5)
The covariant variation of the vielbein involves the torsion tensor R(Γ),
δcoveΩ
Σ = −δXaR(Γ)aΩ
Σ −D(Γ)Ω(δX
aea
Σ) . (6)
The dynamics in the geodesic approximation is defined by the time flow
vector field k and a time function τ , subject to k ·∂ τ = 1, which param-
eterizes the flow on the integral curves of k. The collective coordinates
are promoted to point particles Xa → Xa(τ). All gauge transformations
and diffeomorphisms now carry an implicit time dependence through the
collective coordinates. Using k we can project tensors onto directions
along k and onto directions along the (n− 1)-dimensional spacelike hy-
persurfaces perpendicular to k. The geodesic lift is effected by adding
∗Indices µ, ν, . . . denote spacetime indices, a, b, . . . moduli space indices. The Ω,Σ . . . run
over both spacetime and moduli space. Tangent space indices are underlined.
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covariant variations to derivatives along k, while leaving the space com-
ponents unchanged. This guarantees that all configurations continue
to extremize the potential such that the particle motion takes place in
the moduli space of solutions. The geodesic lift (which we denote by a
prime) for the covariant derivative of the scalar field reads
(DΩφ)
′ = DΩφ+
kΩ
k2
k · ∂XaDaφ . (7)
When projected, this indeed yields
(k ·Dφ)′ = k ·Dφ+ X˙aDaφ , ⊥(DΩφ)′ = ⊥DΩφ , (8)
where ⊥ denotes the part perpendicular to k, and we used X˙(τ) =
k · ∂X(τ) for k · ∂ τ = 1. Since the covariant derivatives contain the
gauge connection, one finds the analogous structure for the gauge fields,
A′Ω = AΩ + k
−2kΩX˙aAa . (9)
The result for the field strength is
F (A)′ΩΛ = F (A)ΩΛ + 2k
−2k[Ω X˙aF (A)aΛ] . (10)
The defining conditions of the covariant variations δ′cov in the time de-
pendent situation are derived from enforcing generalized Leibniz rules
such as
δ′cov(D(A)φ)
′ = D(A)′(δ′covφ)− [δ
′
covA
′, φ] , (11)
which are the same as for the underlying field theory. Analogous rela-
tions must hold for the variations of the various field strengths. They are
essential in order to identify the covariant field variations δ′cov with the
variations associated with the moduli action principle. For the case at
hand one can achieve this by adding compensating covariant variations,
δ′cov(D(A)Ωφ)
′ = δcov(D(A)Ωφ)′ − δcov(k−2kΩX˙aeaΩ)D(A)Ωφ . (12)
Calculations at this point are rather subtle and further scrutiny is re-
quired to establish the validity and the generalization of (12). Using
this definition one indeed recovers (11), where δ′covA′Ω = δX
aF (A)′aΩ
is calculated along the same lines. Note that (5) is respected in the
geodesic lift. This last relation is a result of the modified transfor-
mation properties of the gauge fields in the time dependent situation,
δΛA
′
Ω = (D(A)Ω + k
−2kΩ X˙aDa(A))Λ. It is important that the trans-
formation properties with respect to diffeomorphisms remain unaltered
in the geodesic lift. This guarantees the invariance of the action.
4Usually, it is possible to work with a torsion free connection Γ. In the
vielbein formulation, this is achieved by imposing an irreducible set of
torsion constraints which are solved in terms of the spin connection. For
the extended geometry we cannot impose the vanishing of all torsion
components, since the local Lorentz transformations make up just a
subgroup of SO(n, 1) × SO(N). In our simple setting this has no effect
on the moduli space geometry. Dropping the constant potential terms,
the action (1) in the geodesic approximation is given by
S[X(τ)] =
∫
dτ
(
1
2
Ga bX˙
aX˙b + JaX˙
b
)
, (13)
with the moduli space metric and current defined by
Ga b =
∫
dV ⊥Tr
[
Fµa h
µν Fνb +DaφDbφ
]
, (14)
Ja =
∫
dV ⊥Tr
[
kµFµρ h
ρσ Faσ + (k ·Dφ)Daφ
]
. (15)
Here, dV ⊥ is the (n − 1)-dimensional volume element of the induced
metric hµν = gµν − k
−2kµkν on the spacelike hypersurface, dV ⊥ =√
h
|k|(n−1)!k
σεσµ2···µndxµ2 · · · dxµn , and hµν = gµν − k−2kµkν is its hyper-
surface inverse.
For standard field theory actions, imposing the field equations for the
auxiliary connection Aa and vielbein components ea
ν gives rise to a set
of covariant constraint equations which can be solved for these auxiliary
fields. Their solutions are subsequently reinserted into the expression
for the moduli metric. These constraint equations reflect the underlying
invariances of the field theory.
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